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In general, the substructural scheme pushes the real parts of the
eigenvalues farther left in the complex plane.

Conclusions
The numerical results indicate the overall accuracyand numerical

ef� ciency of the substructural control technique as compared to
the LQG design by the complete model. The proposed method in
general assumes no restrictionson the types of substructuresand on
the locations of sensors and actuators.
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Introduction

L AMINATED structuresare � nding increasingapplicationsin a
wide rangeof industrialand consumerproducts such as printed

circuit boards, aircrafts, ships, automobiles, sporting goods, etc.
Quite often these structures delaminate during service conditions,
causing a change in the part performance. Estimation of the part
performance using analytical methods is very complex and, hence,
is currently evaluated using cumbersome two- or three-dimensional
numerical techniques. Unfortunately, these numerical methods are
time consuming and computationally very expensive. This has led
to a search for a simplistic model that can be used for solving these
types of fracture mechanics problems ef� ciently, thereby reducing
the design cost and cycle time. Based on the loading and geometry,
a typical delamination is driven by a mix mode fracture. Evaluation
of the effect of these delaminations on the structural performance
requires separation of the strain energy release rate into its mode I
and mode II components.

Suo and Huchinson1 developed an analytical model to calculate
the strain energy release rate for a crack at the interface of two ho-
mogeneous layers. Parameters used for separating the strain energy
release rate into mode I and II strainenergyrelease ratesare obtained
throughnumericalanalysis.A crack in a single homogeneousstruc-
ture is a special case of the model. Schapery and Davidson2 used
classicalplate theory for predictingthe strain energyrelease rate and
for separating it into its constituents for a cracked plate. However,
all of the four parameters needed for the mode separationcould not
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be obtained from the plate theory and the determination of at least
one of the parameters required numerical analysis.

Williams3 proposeda mode separationmethodusing the assump-
tion that the mode II fracture causes identical curvatures in two split
segments of a double cantilever beam. However, this assumption
provides satisfactoryresults only for a few trivial cases as discussed
in detail by Sun and Pandey.4 Suo5 and Nilsson and Storakers6 also
separately proposed new methods for mode separation using clas-
sical theories. In most of the cases discussed here, parameters used
for the mode separationare either unknown or known only for a few
special cases.

Separation of a strain energy release rate into its modes, espe-
cially those lying at the interfaces, is complex. In the present work,
a method for separating the strain energy release rate for a homo-
geneous isotropic cracked beamlike structure, as shown in Fig. 1,
is studied. The proposed method assumes that equal transversedis-
placement of the split segments near the crack tip causes mode II
fracture and applies analyticallyobtained crack-tipcompliance4 for
separating the modes.

Problem Statement
Considera crackedhomogeneousisotropicbeam shown in Fig. 1.

The beamhasa crackof lengtha, the thicknessesof the upperand the
lower segments of the beam are h t and hb , and the moments acting
on these segments are Mt and Mb , respectively.Under the action of
the moments just de� ned, assume that the beam experiences mixed
mode fracture, that is, the strain energy release rate has both mode I
and mode II components.The total strain energy release rate for the
described structure under pure moment loading can be accurately
expressed as4

G =
M 2

t

2E It

+
M 2

b

2E Ib
¡

(Mt + Mb)2

2E I0

(1)

where E is the elastic modulus of the material and I is the moment
of inertia of different segments of the beam identi� ed by their sub-
scripts; subscript0 stands for unsplit segment. In the presentwork, a
method is proposed to separate G into its mode I and II components
(G I and GII ) using the elasticity solution of the near tip compli-
ance and the de� nition of the virtual crack closure method of strain
energy release rate calculation.

Solution Approach
Considerthe beamshownin Fig. 1aundera general set ofmoment

loads. The equivalent moments on the near tip cross section are
Mt and Mb , which can be considered to be made of two sets of
moments as shown in Fig. 1b, one causing mode I fracture and the
other causing mode II fracture. Let MI and a MI be the moments

Fig. 1a Cracked beam under moment loading.

Fig. 1b Equivalent mode I and mode II moment components.
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causing mode I fracture and MII and b MII be the moments causing
mode II fracture, that is,

Mt = MI + MII (2)

Mb = a MI + b MII (3)

where a and b are parameters used for separating the moments into
two parts relating to the two fracture modes. Strain energy release
rates for the cracked beam for the mode I and mode II cases can be
written as

G I =
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(4)
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(5)

but

G = GI + GII (6)

Substituting G from Eq. (1), GI and GII from Eqs. (4) and (5),
and Mt and Mb from Eqs. (2) and (3) into Eq. (6) and comparing
both sides of Eq. (6), the following relationshipfor mode separation
parameters a and b is obtained:

a + b + a b (1 ¡ I0 / Ib) + (1 ¡ I0 / It ) = 0 (7)

A secondrelationshipfor the mode separationparameter is obtained
from the de� nition of virtual crack closure techniques.

De� ection of the upper and the lower segments of the beam rel-
ative to the crack tip can be obtained based on the simple beam
theory,

w t = (MII /2E It )x
2 ¡ (h t ¡ h 0)x (8)

wb = ( b MII /2E Ib)x2 ¡ (h b ¡ h 0)x (9)

where x < 0; h t and h b are rotationsof the cross sectionsof the upper
and lower beam segments, respectively, at the crack tip; and h 0 is
the rotation of the uncrackedportion of the beam near the crack tip.
However, the strain energy release rate depends on the stress and
the displacement � eld local to the crack tip and is de� ned using the
virtual crack closure technique as

G = lim
D a ! 0

1

2D a

D a

0

r y j ( D a ¡ x , 0)u j (x , 0) dx (10)

where G = GI for j = y and G = G II for j = x . For 0 < x < D a and
limit D a ! 0, quadratic terms in x in Eqs. (8) and (9) approachzero
faster than the linear terms. Based on these observationsand that the
strain energy release rate is de� ned using the near tip deformations
and stresses,Eqs. (8) and (9) can be reduced to describe the near-tip
displacements as

w t = (h t ¡ h 0)x (11)

wb = (h b ¡ h 0)x (12)

A mode II fracture will take place only if there is no relative
transverse displacement between the top and the bottom segments
of the beam. This is possibleonly if the top and the bottomsegments
have the same near-tip transversedisplacement.Hence, for mode II
fracture, Eqs. (11) and (12) can be reduced to

h t ¡ h 0 = h b ¡ h 0 (13)

Sun and Pandey4 have shown that the relative rotations of the
upper and the lower beam segments can be related to the near-tip
moments in the beam segments by

h t ¡ h 0

h b ¡ h 0
=

S11 S12

S21 S22

Mt

Mb
(14)

where [S] is a functionof the geometryof the split segments.Substi-
tuting MII for Mt and b MII for Mb in Eq. (14) andusing thecondition
described in Eq. (13) for mode II fracture, b can be expressed as

b =
S11 ¡ S21

S22 ¡ S12

(15)

When b is substituted in Eq. (8), a is determined. These values of
mode separationparameters, a and b , can be substituted in Eqs. (4)
and (5) to obtain the mode I and II strain energy release rates for the
cracked plate/beam.

Summary
A method is proposed for separating the strain energy release

rate into its constituent modes using analytical methods for a
cracked beam/platelike structure. The method uses a near-tip load–

displacement relationship and virtual crack closure technique to
separate the mode. The accuracy of the mode separation is depen-
dent on the accuracy of the near-tip compliance, matrix [S] of the
cross-sectionalplane, that is, the load–displacement relationship in
the near crack-tip area. The strain energy release rate calculated
using the near-tip compliance tends to overpredict the strain en-
ergy release rate for mode II loading and underpredict for mode I
loading.4 Thus, the variation in total strain energy release rate, due
to the variation in the prediction of the calculated compliance,4 is
reduced due to the aforementioned complementary effects, hence,
the error in total value of the strain energy release rate as compared
to that in its individual components.
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